The only compact, convex set-valued homogeneous and translatable function of square complex matrices which is an indicator function for the matrices with positive semidefinite real part is the classical field of values. An analogous characterization of the convex hull of the spectrum is given.
are known. For example, if A and B are any square complex matrices of the same size, then:
(1) F(A) is a compact set; (2) F(A) is a convex set; There has been interest recently in generalizations of the field of values achieved by postulating as axioms on a complex-set-valued function of square matrices some subset of the known properties of F [3] , [4] . In the past, generalizations have also been achieved via norms other than the Euclidean norm. The question we address here is what, if any, subsets of the known properties of F uniquely define F. It is clear that in this regard some of the above functional properties of F are redundant. For example, we have Remark 1. Property (6) above follows from properties (1), (3), (4), (7), and Remark 2. Also (7) follows from (l)-(5) by using, for example, the fact that the class of matrices with positive semidefinite real part (Re(A) = ±(A + A*)) is conjunctively invariant.
Our main result is that there is a subset of five of (l)-(ll) which characterizes F. Furthermore, we show by a sequence of examples that no one of these five may be deleted while retaining the property of characterizing F. It would be of interest to know what other sets of properties characterize F and to know, for example, more about the classes of functions which satisfy various subsets of (1) To prove the converse, we first show that F(A) c S(A) for an arbitrary A. Suppose, to the contrary, that B G F(A) and B £ S(A) for some A. Then, because of (i) and (ii), there exist a, ¥" 0 and a2 such that Re(a, B + a2) < 0 while axS(A) + a2 is contained in the closed right half-plane. However, axS(A) + ct2 = S(axA + a2I) because of (iii) and (iv) so that we have Re(B') < 0 while S(A') lies in the closed right half-plane, where a, B + a2 = B' G F(A') and A' = axA + a2I. Then, by (v) A' + A'* is positive semidefinite. This, however, contradicts the fact that F(A') is not contained in the closed right half-plane so that we may conclude that F(A) C S(A).
Since the containment F(A) C S(A) depends only on the fact that S(A), as well as F(A), satisfies (i)-(v), the above line of proof also means that S(A) C F(A) for an arbitrary A. We conclude that S = F under the assumption of (i)-(v) on S. This completes the proof. Thus, a lattice structure and minimal elements might be considered.
